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Abstract
Let G be a nite group and let M be a maximal subgroup of G. For each chief factor K=L of G
such that L  M and G=MK , we called the group M\K=L a c-section of M in G. All c-sections
of M are isomorphic. Using the concept of c-sections, we obtain some new characterizations of
solvable and -solvable groups, and generalize a number of known results on the normal index
and c-normality. c© 2000 Elsevier Science B.V. All rights reserved.
MSC: 20D10; 20D15
1. Introduction and denitions
The relationship between the properties of maximal subgroups of a nite group G
and the structure of G has been studied extensively. In [8] Wang dened the concept
of c-normal subgroups. A subgroup H of a group G is called c-normal in G if there is
a normal subgroup K of G such that G=HK and H \K  HG where HG =
T
g2G H
g
is the core of H in G. He showed that G is solvable if and only if every maximal
subgroup of G is c-normal in G. Deskins [2] introduced the concept of normal index
of a maximal subgroup. The normal index of a maximal subgroup M of G, denoted
by (G : M), is dened as the order of a chief factor H=K of G, where H is a
minimal supplement to M in G. Deskins showed that G is solvable if and only if
(G : M) = jG : M j for every maximal subgroup M of G. The investigations on the
normal index have been developed by some scholars. For example, see [1]. On the
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other hand, there exist some relationships between c-normality and the normal index.
It is showed in [8] that a maximal subgroup M of G is c-normal in G if and only if
(G : M) = jG : M j.
In this paper we introduce the concept of c-sections of a maximal subgroup, which
is related to c-normality and the normal index. Using this concept, we obtain some new
characterizations of solvable and -solvable groups, and a number of known results on
c-normality and the normal index are generalized.
All the groups in this paper are nite groups.
Denition 1.1. Let M be a maximal subgroup of a group G and K=L be a chief factor
of G such that L  M while K * M . We call the group M \ K=L a c-section of M .
Lemma 1.1. For any maximal subgroup M of a group G; there is a unique c-sections
of M up to isomorphism.
Proof. It is obvious that the c-sections always exist. We only need to prove that all
of the c-sections of M are isomorphic.
(1) First of all, we prove that all c-sections of M with L=MG are isomorphic. That
is (K1 \M)=MG = (K2 \M)=MG if K1=MG and K2=MG are two chief factors of G.
In fact, G=MG is a primitive group with a stabilizer M . If G=MG has a unique
minimal normal subgroup, then K1 = K2 and we are done. Now by [3, A. Theo-
rem 15:2] G=MG has exactly two minimal normal subgroups K1=MG and K2=MG, such
that K1=MG = K2=MG and K1\M=MG=K2\M . Hence we have that both (K1\M)=MG
and (K2 \M)=MG are identity group.
(2) Let K \ M=L be a c-section of M where K=L is a chief factor of G and K is
supplement to M in G. Denote U to be MGK . Then U=MG is a c-section of M with
chief factor of G and U \M=MG = K \M=L.
In fact, U=MG is a non-identity normal subgroup of G=MG. If it is not a chief factor
of G, then there exists a normal subgroup H of G such that H=MG of G such that
MG<H <U . We have that K \H =L since K=L is a chief factor of G. Thus we have
H =U \H =MGK \H =MG(K \H)=MGL=MG, a contradiction. Hence U=MG is a
chief factor of G. Now we have that U \M=MG =MGK \M=MG =MG(K \M)=MG =
K \M=K \MG = K \M=L.
We complete the proof by combining (1) and (2).
By Lemma 1.1, every maximal subgroup M has a unique c-section up to isomor-
phism. In particular, all c-sections of M have same order. Hence we have the following
Denition 1.2. Given a maximal subgroup M of a group G, we dene
(1) Sec(M) is a group which is isomorphic to a c-section of M (and hence every
c-section of M);
(2) ?(G : M) = jSec(M)j (we call it the c-index of M in G).
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The basic relationship between c-normality and c-sections for a maximal subgroup
M is the following:
Lemma 1.2. Let M be a maximal subgroup of a group G. Then M is c-normal in
G if and only if Sec(M) is trivial.
Proof. If Sec(M) is the identity, then by denition M is c-normal in G. Conversely,
assume that M is c-maximal in G. By the denition of c-normal, there is a normal
subgroup N of G such that G=MN with M \N  MG. Set C=NMG. Then C=MG is a
non-trivial normal subgroup of G=MG and C\M=NMG\M=MG(N \M)=MG. Hence
we may take a chief factor K=MG which is contained in C=MG such that K \ M 
C \M =MG, so Sec(M) = K \M=MG is trivial.
Now we can state [8, Theorem 3.1] in terms of c-sections:
Theorem 1.1. A nite group G is solvable if and only if Sec(M) is trivial for every
maximal subgroup M of G.
The following elementary results are helpful for our proofs.
Lemma 1.3. Let N  M <G and M maximal in G and N / G. Then Sec(M) is
isomorphic with Sec(M=N ).
Proof. This follows immediately from Lemma 1.1. In fact, M=N is a maximal sub-
group of G=N . Let (L=N )=(K=N ) be a chief factor of G=N such that K=N  M=N and
(L=N )(M=N ) = G=N . Then L=K is a chief factor of G with the property G = LM and
K  M . Hence Sec(M) = L \M=K = Sec(M).
Lemma 1.4. Let M be a maximal subgroup of a group G. Then
?(G : M) = (G : M)=jG : M j:
Proof. Let K=L be a chief factor of G such that G = MK and K is minimal in the
set of normal supplements to M in G. Then (G : M) = jK : Lj by the denition of
normal index, and L  M . Thus (G : M) = jK : Lj = jK : K \M jjK \M : Lj = jG :
M j?(G : M), and the conclusion follows.
Note 1.5. Let N E G and P be a Sylow p-subgroup of G. Then PN=N is a Sylow
p-subgroup of G=N and NG=N (PN=N ) = NG(P)N=N .
Proof. This follows immediately from Sylow theorem and denition.
Denition 1.3. Given a group G, a prime p and a Sylow p-subgroup P of G, we
dene the following families of subgroups:
(1) F= fM jM is a maximal subgroup of Gg.
(2) Fc = fM jM 2F and jG : M j is a composite numberg.
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(3) Fp = fM jM 2F and jG : M jp = 1g.
(4) Fpc =Fp \Fc.
(5) Fp = fM jM is a maximal subgroup of G and NG(P)  Mg.
(6) Fop =
S
p oddF
p.
(7) Fpc = fM jM 2Fc and NG(P)  Mg=Fp \Fc.
(8) Fopc =Fop \Fc.
It is clear that FpcFpc and FpFp. The structure of G has been investigated
when some of the sets are empty [8].
Notation is standard. In addition, if  is a given set of prime numbers and n is a
positive integer, denote by n the -part of n.
2. The c-sections of maximal subgroups
In this section we prove a series of results on the solvability and the -solvability
of a group by means of c-sections of maximal subgroups. We generalize most of the
theorems in [8, Section 3].
Throughout this section we denote J (P) the Thompson subgroup of P where P is a
group of prime power order.
Pettet [6] showed that a group G is 2-closed (i.e., the Sylow 2-subgroup of G is
normal) if and only if NG(Z(J (P))) is 2-closed for every Sylow subgroup P of G of
odd order. Using this theorem, we get the rst result of this section as follows.
Theorem 2.1. A group G is solvable if and only if Sec(M) is 2-closed for every
maximal subgroup M 2Fop.
Proof. We only need to prove that if Sec(M) is 2-closed for every maximal subgroup
then G is solvable. We prove it by induction on the order of G.
Let N be a minimal normal subgroup of G. By Lemma 1.3 we know that the quotient
group G=N satises the hypothesis of the theorem, and so the induction implies that
G=N is solvable. If G has two dierent minimal normal subgroups N1 and N2, then
both G=N1 and G=N2 are solvable and so is G = G=N1 \ N2 and hence G is solvable.
Thus we may assume that G has a unique minimal normal subgroup, denote it by N .
We now claim that N is solvable. Assume that this is false. Then N is a non-abelian
characteristic simple group. Let P> 1 be any Sylow subgroup of N of odd order. We
can assume that P=N \P1 with P1 2 Sylp(G). The Frattini argument gives that G=
NG(P)N =NG(Z(J (P)))N , and NG(Z(J (P)))<G. Note that Z J (P) char P E P1, we
have that NG(P1)  NG(Z J (P). Hence there is a maximal subgroup M 2 Fop which
contains NG(Z(J (P))) such that G = MN and N * M . The uniqueness of N forces
MG=1, so N=N=MG is a chief factor of G. By the denition Sec(M) = M\N . Now the
hypotheses implies that M \N is 2-closed, and hence NN (Z(J (P)))=N \NG(Z(J (P))),
as a subgroup of M \ N , is also 2-closed. Applying Pettet’s theorem [6], we see that
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N is 2-closed. But then, N would be solvable by the Feit{Thompson theorem of odd
order, a contradiction. Now both G=N and N are solvable. It follows that G is solvable.
By Theorem 1.1. If G is solvable then Sec(M) = 1 for every maximal subgroup M
of G. Therefore, it will be better for us to try to minimize the set of the maximal
subgroups to characterize the solvability of a nite group.
Theorem 2.2. A group G is solvable if and only if Sec(M) is nilpotent for every
maximal subgroup M 2 Fpc where p is the largest prime divisor dividing the order
of G.
Proof. We rst prove the suciency of the condition. We prove it by induction on jGj.
Let N be any minimal normal subgroup of G. We claim that G=N is solvable. Indeed,
if the order of G=N is divided by p, by Lemma 1.3 we see that G=N satises the
hypothesis of the theorem and so G=N is solvable by induction. If G=N is a p0-group,
then N contains a Sylow p-subgroup of G, and for every maximal subgroup M=N of
G=N with jG=N : M=N j a composite number we have M 2 Fpc. By the hypothesis
Sec(M) is nilpotent and hence Sec(M=N ) is nilpotent by Lemma 1.3. In particular,
G=N satises the hypothesis, induction implies that G=N is solvable again. Thus our
claim holds. Now a routine argument shows that G is solvable if G has two dierent
minimal normal subgroups.
We may assume that N is the unique minimal normal subgroup of G.
Suppose that N is non-solvable. Let r be the largest prime dividing the order of N
and R a Sylow r-subgroup of N . Then R  NG(Z(J (R)))<G and G = NG(R)N =
NG(Z(J (R)))N by the Frattini argument. So there exists a maximal subgroup M which
contains NG(Z(J (R))), but N * M . If jG : M j = q for some prime q, since MG = 1
we have that G is isomorphic to a subgroup of the symmetric group Sq of degree q.
Hence jGjjq! and so jN jjq! But then, q must be the largest prime dividing the order of
N , so q= r. This is impossible because M contains a Sylow r-subgroup of N , say R.
Thus we conclude that M belongs to Fc. If r <p, it is clear that jG : M jpjjN jp = 1.
If r = p then NG(R) contains a Sylow p-subgroup of G. Hence M 2 Fpc in both
cases.
Since G=MN and N is the unique minimal normal subgroup, we have MG =1 and
hence Sec(M) = M \ N by the denition. By the condition Sec(M) is nilpotent, and
so is M \N . Therefore NN (Z(J (R))), which is a subgroup of M \N , is also nilpotent.
Applying Glauberman’s ZJ-theorem [4, Theorem 8:3:1], we see that N is r-nilpotent,
contrary to the assumption that N is a non-solvable minimal normal subgroup of G.
The above argument shows that both G=N and N are solvable, hence G is solvable.
The converse holds trivially.
Corollary 2.3. A group G is solvable if and only if M is c-normal in G for every
maximal subgroup M 2Fpc where p is the largest prime dividing the order of G.
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This corollary is an improvement of [8, Theorem 3:5], which says that a group G
is solvable if and only if every maximal subgroup M in Fc is c-normal in G.
A similar argument yields the following theorem without the assumption that p is
the largest prime divisor dividing jGj.
Theorem 2.4. Let G be a group and let p be any odd prime. For every maximal
subgroup M 2Fp assume that Sec(M) is nilpotent. Then G is solvable.
Localizing conditions to one maximal subgroup, Wang [8] established the following
theorem: A group G is solvable if and only if there is a solvable maximal subgroup
M of G which is c-normal in G [8, Theorem 3.4]. We may generalize it as follows.
Theorem 2.5. A group G is solvable if and only if there is a solvable maximal sub-
group M of G such that Sec(M) is nilpotent and Z2jZ2-free.
Proof. The necessity of the condition holds trivially.
Conversely, assume that Sec(M) is nilpotent and Z2jZ2-free for a solvable maximal
subgroup M of G. We will show that G is solvable. The argument proceeds by induc-
tion on jGj. If MG> 1, as Lemma 1.3 implies that G=MG satises the hypothesis, an
obvious induction yields that G=MG is solvable and it follows that G is solvable. We
hence may assume that MG = 1 and let N be a minimal normal subgroup of G. Then
N is a chief factor of G and N * M , so Sec(M) = N \M by the denition.
Consider the case when N \M =1. Let P be a minimal normal subgroup of M . As
M is solvable, P is a p-group for some prime p. We have P\N =1 and NG(P)=M ,
and thus N is p0-group and CN (P) = 1. By [4, Theorem 6:2] for every prime divisor
q dividing jN j there is a unique P-invariant Sylow q-subgroup Q of N . On the other
hand, (Qm)P =QPm =Qm for any m 2 M , so the uniqueness of Q forces that Qm =Q
for any m 2 M . Hence Q is M -invariant. By the maximality of M we conclude that
N is a q-group and G is solvable, as desired.
Consider the case when N \M 6= 1. We have Sec(M) = N \M and thus N \M is
nilpotent and ZpjZp-free by hypothesis. Let P> 1 be a Sylow subgroup of N \M . It is
clear that P is normal in M and NG(P)=M . In particular, P is a Sylow subgroup of N
since otherwise NG(P)>M . NN (P)  N \M and hence NN (P) is nilpotent. If p=2,
we use a result of Yoshida [10, Theorem 4.2] to imply that N is p-nilpotent. But N
is a minimal normal subgroup of G, if follows that N is a p-group and N = P  M ,
contrary to MG = 1. If p is an odd prime, then we have NG(Z J (P))  M and so is
p-nilpotent. By [5, X.7.1], N is p-nilpotent and so the same argument as before yields
a contradiction.
The proof of the theorem is now complete.
Remark. Let G be a nite simple group and M be a maximal subgroup of G. Then
by denition MG = 1 and Sec(M) = M .
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Theorem 2.5 would be false if the condition on Sec(M) is replaced by the assumption
that Sec(M) is nilpotent. For example, the simple group PSL(2; 17) has a nilpotent
maximal subgroup M and Sec(M) = M . However, if G has a Z2jZ2-free maximal
nilpotent group then G is solvable [9, Theorem 2].
It is proved [8, Theorem 3:6] that a group G is p-solvable, where p is the largest
prime dividing the order of G, if M is c-normal in G for every maximal subgroup
M 2 Fpc. However, this condition is not necessary for the p-solvability of a group.
We show the following.
Theorem 2.6. Let G be a group and let p be the largest prime dividing the order of
G. Then the following are equivalent:
(a) G is p-solvable.
(b) Sec(M) is p-nilpotent for every maximal subgroup M of G.
(c) Sec(M) is p-nilpotent for every non-nilpotent maximal subgroup M 2Fpc.
Proof. We rst prove that (a) ) (b).
Assume that G is p-solvable and let M be any maximal subgroup G. Take a chief
factor K=MG of G. Then K=MG is either a p-group or p0-group. By the denition
Sec(M) = M \ K=MG and it follows that Sec(M) is either is a p-group or p0-group,
in particular, Sec(M) is p-nilpotent.
(b) ) (c) is trivial.
Now we prove that (c) ) (a).
Assume that it is false and G is a minimal counterexample. Then
(1) Fpc 6= ; and p is an odd prime. If Fpc = ;, then G = Sp(G) is p-closed by
[8, Lemma 2:2 (3)]. Hence P E G for a Sylow p-subgroup P and G is p-solvable, a
contradiction. Note that p is the largest prime divisor of jGj. We have that p is odd.
(2) Sec(M) is p-nilpotent for every M 2 Fpc. It is sucient to prove that G has
no nilpotent maximal subgroup M with M 2 Fpc. In fact, suppose that there exists
M 2Fpc with M nilpotent. Since G is non-solvable, Thompson’s Theorem [4, 10.3.2]
implies that M2 6= 1. If M is a 2-subgroup, then p = 2 and G is a 2-group, contrary
to our choice. Hence G is non-solvable and M20 6= 1 6= M2. By [7, Theorem 1], M20
is normal in G. It is easy to show that G=M20 satises the the hypothesis of G. The
minimal choice of G yields that G=M20 is p-solvable. Note that M20 is solvable. We
have that G is p-solvable, a contradiction.
(3) G has an unique minimal normal subgroup N and G=N is p-solvable. Since
p-nilpotent groups constitute a saturated formation. G has a unique minimal normal
subgroup N . Let 1 6= K be a minimal normal subgroup of G and let P be a Sylow
p-subgroup of G. If P is normal in G, then G is certainly p-solvable. So we may
assume that NG(P)<G. Set G=G=K; P=PK=K . Then NG(P)K=K  N G( P): We claim
that G=K is p-solvable. Indeed, the claim is trivial if P is normal in G=K , so assume
that N G( P) is a proper subgroup of G=K .
Let M = M=K be a maximal subgroup of G=K which contains N G( P), then M is
maximal in G and NG(P)  M . So M belongs to Fpc. By (2) and the hypothesis
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Sec(M) is p-nilpotent, and hence Sec( M) is also p-nilpotent by Lemma 1.3. This
shows that G=K satises the condition of the theorem, and induction implies that G=N
is p-solvable, as desired. Since p-nilpotent groups constitute a saturated formation, a
trivial argument shows that G has a unique minimal normal subgroup, namely N .
(4) N is p-solvable. We may assume that p is the largest prime dividing jN j because
otherwise N is p0-group and N is certainly p-solvable, as desired. Let P0> 1 be a Sy-
low p-subgroup of N which is contained in P. Then P0=P\N and NG(P)  NG(P0) 
NG(Z(J (P0))). If Z(J (P0)) is normal in G, then N = P0 since N is minimal normal
subgroup of G, in particular, N is p-solvable. So we may assume that there exists a
maximal subgroup M such that NG(Z(J (P0)))  M . If MG> 1, then the uniqueness
of N forces that N  MG  M , so G=MN =M , which is absurd. If jG : M j= q is a
prime. Then q<p and MG = 1 follows that jGjjq!, a contradiction. Hence jG : M j is
composite and M belongs to Fpc. Thus N = N=MG is a chief factor of G, it follows
by the denition that Sec(M) = M \N . Now by the condition of the theorem Sec(M)
is p-nilpotent, and so also is M \ N . Thus as NN (Z(J (P0))) = N \ NG(Z(J (P0))) 
N \M , we have that NN (Z(J (P0))) is p-nilpotent. Apply Glauberman’s ZJ-theorem [4,
Theorem 8:3:1] to see that N is p-nilpotent, in particular, N is p-solvable. The claim is
proved. Now G=N and N are both p-solvable, hence G must be p-solvable, as desired.
Now both N and G=N are p-solvable implies that G is p-solvable, a contradiction.
The proof is now completed.
Theorem 2.7. Let G be a group and let p be any xed odd prime. Then G is
p-solvable if and only if Sec(M) is p-nilpotent for every maximal subgroup M 2Fp.
Proof. The proof is similar to Theorem 2.6 and omitted here.
Theorem 2.8. A group G is -solvable if and only if Sec(M) is a 0-group for every
non-nilpotent maximal subgroup M of G.
Proof. The necessity of the theorem is easily established for if G is -solvable, then
each chief factor of G is either a group of prime power order or a 0-group and it
follows that Sec(M) is either trivial or a 0-group for every maximal subgroup M of
G. Hence Sec(M) is a 0-group, as desired.
Conversely, assume that the result is not true and let G be a minimal counterexample.
Let N be a minimal normal subgroup of G. We observe from Lemma 1.3 that G=N
satises the hypothesis and so G=N is -solvable by the minimality of G. Then a
routine argument shows that G has a unique minimal normal subgroup, namely N , and
N is a non-abelian characteristic simple group. If N is a 0-group, the both G=N and N
are -solvable and hence G is -solvable, a contradiction. Hence the set 0=fp jp 2 
and p j jN jg is non-empty. For any p 2 0 let P denote a Sylow p-subgroup of N .
We have 1<NG(Z(J (P)))<G and G = NG(P)N = NG(Z(J (P)))N by the Frattini
argument, so we can nd a maximal subgroup M of G which contains NG(Z(J (P)))
such that G=MN and N * M . Now since N is the unique minimal normal subgroup
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of G, we have MG=1. Then by Lemma 1.1 we may assume that Sec(M) = N\M . It is
obvious that Sec(M) is not 0-group. So M is nilpotent by the hypothesis. In particular,
Sec(M) is nilpotent and it follows that NN (Z(J (P))), which is a subgroup of N \M , is
also nilpotent. If p is odd, Glaubermen’s ZJ-theorem [4, Theorem 8:3:1] asserts that N
is p-nilpotent, contrary to the fact that N is a non-abelian characteristic simple group.
Thus p= 2 and we conclude that 2 does not belong 0. Now let q be any odd prime
divisor of jN j and let Q be a Sylow q-subgroup of N . From the above proof we see
that there is a non-nilpotent maximal subgroup H of G which contains NG(Z(J (Q)))
such that G = HN and HG = 1. So Sec(H) = H \ N . By the hypothesis Sec(H) is a
0-group, and hence H \N is also a 0-group. In particular, NN (Z(J (Q))) is 0-group.
On the other hand, by the above, 2 does not lie in 0, it follows that NN (Z(J (Q)))
is of odd order, in particular, NN (Z(J (Q))) is 2-closed. Apply Petter’s theorem [6]
to see that N is 2-closed. Now N is solvable by the Feit{Thompson theorem on the
solvability of groups of odd order. This is a contradiction and the proof of the theorem
now is complete.
3. The normal index
As applications of the above results, in this section we obtain a number of results
on the normal index. Wang [8] showed that a group G is solvable if and only if
?(G : M)=1 for every maximal subgroup M of G. We generalize it to the following
theorem.
Theorem 3.1. Let G be a group. Then the following statements are equivalent in
pairs:
(1) G is solvable;
(2) ?(G : M) is either a power of 2 or an odd number for every maximal subgroup
M of G;
(3) ?(G : M) is a prime power for every maximal subgroup M 2Fp where p is
any given odd prime;
(4) ?(G : M) is a prime power for every maximal subgroup M 2 Fpc where p
is the largest prime dividing jGj.
Proof. (1) implies (2); (3) and (4) trivially. We prove that (2) implies (1). By Def-
inition 1.3 ?(G : M) = jSec(M)j, so the condition of (2) is equivalent to the fact
that Sec(M) is a 2-group or a 20-group. In particular, Sec(M) is 2-closed for every
maximal subgroup M of G. Now Theorem 2.1 implies that G is solvable.
Similarly, (3) implies (1) and (4) implies (1) by Theorems 2.4 and 2:3, respectively.
Let p be the largest prime dividing the order of a group G. Ballester-Bolinches
[1] proved that G is p-solvable if and only if ?(G : M) is a p0-number for every
M 2Fpc. Our Theorem 3.2 includes the above result as particular cases.
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Theorem 3.2. Let G be a group and let p be the largest prime dividing jGj. Then
G is p-solvable if and only if ?(G : M) is a power of p or p0-number for every
maximal subgroup M 2Fpc.
Proof. The necessity holds trivially. Conversely, the condition of the theorem implies
that Sec(M) is a p-group or p0-group, in particular, Sec(M) is p-nilpotent for every
M 2Fpc. Thus the p-solvability of G follows from Theorem 2.6.
Theorem 3.3. Let G be a group and let p be any odd prime. Then G is p-solvable
if and only if ?(G : M) is either a power of p or a p0-number for every maximal
subgroup M 2Fp.
Proof. This follows from Theorem 2.7.
Theorem 3.4. A group G is -solvable if and only if ?(G : M) = 1 for every
non-nilpotent maximal subgroup M of G.
Proof. The condition of the theorem implies that Sec(M) is a 0-group for every
non-nilpotent maximal subgroup M of G, thus G is p-solvable by Theorem 2.8.
This theorem implies [1, Theorem 2]. Furthermore, we remove the unnecessary as-
sumptions for the existence of a p-solvable maximal subgroup and other restrict con-
dition.
Finally, we would like to pose the following questions:
Question. For every maximal subgroup M of a group G assume that Sec(M) is
supersolvable. Is G solvable?
We conjecture that the answer of the above question is positive, but we have not
proved it yet.
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